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Abstract 

When we study forbidden subgraph conditions guaranteeing graphs to have 
some properties, a claw (or Ki^^) frequently appears as one of forbidden sub¬ 
graphs. Recently, Furuya and Tsuchiya compared two classes generated by 
different forbidden pairs containing a claw, and characterized one of such 
classes. In this paper, we give such characterization for three new classes. 
Furthermore, we give applications of our characterizations to some forbidden 
subgraph problems. 
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1 Introduction 

Let Si and S 2 be two families of graphs, and let P be a certain property for graphs. 
We assume that every member of S 2 satishes P, and consider the problem whether 
members of Si satisfy P or not. If we suppose Si ^ 92, then every member of Si 
satishes P. Now, we suppose a weaker condition than Si ^ S 2 - 
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We first suppose that the family Si — S 2 is hnite. Then every member of Si 
satishes P with hnite exceptions. Since we can check whether hnite members of Si 
satisfy P or not in hnite time, we can regard the desired problem as solved. 

We next suppose that the members of Si — S 2 is characterized (not necessary 
hnite). Then each member of Si either satishes P or is characterized. If the charac¬ 
terization has a simple structure, then we may be able to check whether such graphs 
satisfy P or not. Thus, in this case, it might be possible to solve the desired problem. 

In this paper, we try to apply the above strategy for the forbidden subgraph 
problems. 

1.1 Definition and preliminary 

For a family T of connected graphs, a graph G is said to be 3^-free if G contains 
no member of T as an induced subgraph. We also say that the members of T are 
forbidden subgraphs. If G is {F}-free, then G is simply said to be F-free. A family 
T of forbidden subgraphs is called a forbidden pair if |T| = 2. 

Let denote the star with three leaves. Let Kn and Pn denote the complete 
graph and the path of order n, respectively. For nonnegative integers k, I and m, 
let he a graph obtained from and vertex disjoint three paths Pk+i, Pi+i, 

Pm+i by identifying one end-vertex of the paths and distinct three vertices of the 
K 3 . Commonly, Nkgp (resp., Nk^ip) is usually denoted by Zk (resp., and A^pi,! 

is usually denoted by N (see Figure [T]). 



N 

Figure 1: Graphs Bi ^ and N. 


As we mentioned, our main aim is to characterize connected Ti-free but not T 2 - 
free graphs for two families Ti and T 2 of forbidden subgraphs. Such study derives 
from [9]. In [9], Olariu considered the case where Ti = {Zi} and T 2 = {K^}, and 
showed that every connected Zi-free but not K^-free graph is a complete multipartite 
graph with at least three partite sets. The result is useful when we investigate the 
class of Zi-free graphs (for example, the characterization was used for research of 
perfect Zi-free graphs in [9]). Recently, Furuya and Tsuchiya [7] focused on forbidden 
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pairs for the existence of a Hamiltonian cycle, and studied characterization similar 
to Olariu’s result. A graph H is a. generalized comb if H is obtained as follows (see 
Figure [2]); Let m > 3 be an integer. Let Li {1 < i < m) and C be vertex-disjoint 
non-empty cliques with \C\ > m, and let Ri {1 < i < m) be disjoint non-empty 
subcliques of C. We define the graph if on ^ Ui<i<m ^ every vertex 

in Li is joined to all vertices in Ri for each i {1 <i <m). In this context, L* is called 
a leaf-clique and Ri is called the root of Li. The following theorem was proved in [7]. 



Figure 2: Generalized comb 


Theorem A (Furuya and Tsuchiya [Tj) Let G be a connected {Ki ^, Bi 2 }-free 
graph. Then G is not N-free if and only if G is a generalized comb. 

In other words, they solved a characterization problem for Ti = {A'l^s, Hi, 2 } and 
T2 = {K\3 ,N}. 

Our notation and terminology are standard, and mostly taken from [5]. In par¬ 
ticular, we shall use the following terminology. Let G be a graph. For v G V{G), we 
let Ng{v) denote the neighborhood of v in G. For a set [/, we let G[Lf] denote the 
subgraph of G induced by H O V{G). 

1.2 Main results 

In this paper, we investigate graphs generated by different families of forbidden 
subgraphs, and characterize the following classes: 

(FI) connected {iFi, 3 , Z 2 }-free but not Hi,i-free graphs, 

(F2) connected {iFi, 3 , Hi,i}-free but not Ps-free graphs, and 

(F3) connected {iFi, 3 , Hi, 2 }-free but not PQ-free graphs. 

We first give a characterization of graphs as in (FI). A generalized comb is 
pointed if all of its leaf-cliques consist of exactly one vertex. Let TCq be the family of 


3 










■Si S2 



Wi 



H5 



He Hj Hs 

Figure 3: Graphs Hi 


pointed generalized combs. For each i (1 < i < 8), let hfj be the graph depicted in 
Figure [21 For each integer i (1 < i < 5), the vertices of enclosed with a circle are 
called expandable vertices. Also, for an expandable vertex a of i/j, expanding of a to 
a clique C is the operation replacing a to C and adding additional edges between 
u G V{Hi) — {a} and G if an G E{Hi). Let Ui be the set of expandable vertices of 
Hi. For a family C = {Ca \ a G Ui} of vertex-disjoint cliques indexed by a, the graph 
Hi{Q) is obtained from Hi by expanding each vertex a E Ui to the clique Ca (see 
Figure m). Let 


non-extendable 



w 



Figure 4: Expanding vertices to cliques 


Hi = {Hi{C) I C = {Ca I a G Ui] is a family of vertex-disjoint cliques indexed by a}. 
Note that Hi G Hi. For each j {6 < j < 8), let Hj = {Hj}. 
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Theorem 1.1 Let G be a connected {ivi 3 , Z 2 }-free graph. Then G is not Bi i-free 
if and only if G 6 Uo<i<8 

We next consider giving a characterization of graphs as depicted in (F2) and 
(F3). Let / > 5 be an integer, and let Lq, Li,..., Li be vertex-disjoint cliques. The 
graph Fp = Fp{Li,... ,Li) is obtained from Li U ■ ■ • U L; by joining every vertex of 
Li to all vertices of Lj+i for 1 < f < / — 1 , and we call Fp a fat I-path (or simply a 
fat path). In this context, Li {1 < i < 1) are called fundamental cliques of Fp. The 
graph Fc = Fc{Lo,..., Li) is obtained from Lq U ■ • • U L/ by joining every vertex of 
Li to all vertices of Lj+i for 0 < z < / where the indices are calculated modulo / 1 , 

and we call Fc a fat l-cycle (or simply a fat cycle). In this context, Li [0 < i < 1) are 
called fundamental cliques of Fc. Note that fat /-paths have I fundamental cliques 
but fat /-cycles have / -|- 1 fundamental cliques. Let T(/) be the family of fat Tpaths 
and fat Tcycles for alH > /. 

We give the following characterization. 

Theorem 1.2 Let G be a connected i?i,i}-free graph. Then G is not P^-free 

if and only if G G T(5). 

Theorem 1.3 Let G be a connected i^igj-free graph. Then G is not P^-free 

if and only if G G T( 6 ). 

We prove the following generalization of Theorems 11.21 and 11.31 

Theorem 1.4 Let m > 1 be an integer, and let G be a connected {i^i, 3 , 
graph. Then G is not T’max{ 3 m,m-i- 4 }-free if and only if G G T(max{3m, m -\- 4}). 

Remark 1 There are infinitely many connected {i^i, 3 , but not T’max{ 3 m-i,m-i- 3 }- 

free graphs which are neither fat paths nor fat cycles: Fix an integer m > 1. 
Let F = Tp(Li,..., Linax{ 3 m-i,m+ 3 }) be a fat path, and let K be a clique with 
V(F) D K = 0. Let F' be the graph obtained from F U K by joining each vertex of 
K to each vertex of Lmax{m-i,i} U Lmax{m, 2 } U L„,ax{ 2 m, 3 } U Lmax{ 2 m+ 1 , 4 } (sce FigureEl). 
Then we see that F' is a connected {Ki ^, Bi m}-Ree but not Fmax{ 3 m-i,m+ 3 }-free 
graph. Therefore the order of the path in Theorem \1.4\ is best possible if we require 
the targets to be graphs with a simple structure. 

We prove Theorems 11.11 and 11.41 in Subsections 12.11 and 12.21 respectively. 
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Figure 5: Graph F' 


1.3 Applications 

Duffus, Jacobson and Gould [B] proved that every 2-connected {it' 1 , 3 , A^}-free graph 
has a Hamiltonian cycle. Since we can verify that every 2-connected generalized 
comb has a Hamiltonian cycle, this together with Theorem |A] implies that every 
2-connected {Ki ^, Hi 2 }-free graph has a Hamiltonian cycle. In other words, Duffus- 
Jacobson-Gould theorem and Theorem [^provide an alternative proof of Theorem [Dl 
in Subsection 11.3.11 Our main results have similar applications. 

For our argument, we introduce a notation related to forbidden subgraphs. For 
two families TCi and ‘K 2 of forbidden subgraphs, we write Jfi < ^2 if for every 
H 2 € TC 2 , there exists Hi G Jfi such that Hi is an induced subgraph of H 2 . Note 
that if TCi < JC 2 , then every Jfi-free graph is also J{ 2 -free. 

1.3.1 Hamiltonian cycles 

In the study of forbidden subgraphs, it is a fundamental problem to characterize 
the forbidden pairs assuring some properties P. When we consider such problems, 
we often assume a trivial necessary condition of P (for example, when we consider 
the existence of a Hamiltonian cycle, it is natural to assume the 2-connectedness). 
Bedrossian [1] characterized the forbidden pairs for the existence of a Hamiltonian 
cycle as follows: 

Theorem B (Bedrossian [T]) Let “K be a forbidden pair. Then every 2-connected 
TC-free graph has a Hamiltonian cycle if and only if either TC < {Ki, 3 , N} or TC < 


{iFi,3,Hi,2} orH<{Ki,3,P6}. 


Bedrossian’s characterization depends on, for example, the following theorems. 

Theorem C (Broersma and Veldman [5]) Every 2-connected {Ki 3 , PQ}-free graph 
has a Hamiltonian cycle. 
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Theorem D (Bedrossian [T]) Every 2-connected {Ki 3 , Bi 2 }-fi’ee graph has a Hamil¬ 
tonian cycle. 

Since any 2-connected fat z-paths and any 2-connected fat z-cycles have a Hamil¬ 
tonian cycle for z > 6, Theorems 11.31 and O give an alternative proof of Theorem iDl 

1.3.2 Halin graphs 

A graph is planar if it can be embedded in the plane without edge-crossing, and such 
an embedded graph is called a plane graph. A Halin graph, defined by Halin m , is a 
plane graph consisting of a tree T without vertices of degree 2 and a cycle C induced 
by the leaves of T (and we often write a Hahn graph H as H = T U C). If a graph 
G contains a Halin graph as a spanning subgraph, then it is called a spanning Halin 
subgraph of G. In [1], the following conjecture was proposed. 

Conjecture 1 (Chen, Han, O, Shan and Tsuchiya |4]) Let JL be a forbidden 
pair. Then every 3-connected TC-free graph has a spanning Halin subgraph if and 
only if either TC < Z^} or TC < {/C 3, B 12 }. 

The “only if” part of Conjecture [U was already proved in [1]. Also, as a partial 
answer for “if” part of the conjecture, the following theorem was proved. 

Theorem E (Chen, Han, O, Shan and Tsuchiya Every 3-connected {Ki^s, P^}- 
free graph has a spanning Halin subgraph. 

As corollaries of Theorems [mo and IS we obtain other partial answers for 
“if” part of Conjecture H] (and we give those detail in Appendix). 

Theorem 1.5 Every 3-connected {ATi^s, i?i^i}-free graph has a spanning Halin sub¬ 
graph. 

Theorem 1.6 Every 3-connected {K 13 , Z 2 }-free graph has a spanning Halin sub¬ 
graph. 

1.3.3 Independence numbers 

The independence number of a graph G is the maximum cardinality of an independent 
set of G. In [2], Brandstadt and Hammer found a polynomial-time algorithm for 
determining the independence number of {iCi 3, Psj-free graphs. 
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Let iL be a graph belonging to 1P(5), and let Q be an induced path of H having 
three vertices. Then any maximal induced paths and any maximal induced cycles 
containing Q pass through each fundamental cliques of H exactly once. By using the 
fact above, for a given graph G, we can decide whether G belongs to T(5) or not in 
polynomial-time (and we omit its precise algorithm). This together with Theorem ll.2l 
assures that we can determine the independence number of i}-free graphs 

in polynomial-time. 

2 Proof of main results 

In this section, we prove Theorems 11.11 and 11.41 

2.1 Proof of Theorem 11.11 

Lemma 2.1 Let G be a connected {1^1,3, Z 2 }-free graph which contains an induced 
subgraph N. Then G is a pointed generalized comb. 

Proof. Since G is Z 2 -free and Z 2 is an induced subgraph of G is also i?i, 2 -free. 
This, together with Theorem implies that G is a generalized comb. We only 
show that every leaf-clique consists of a single vertex. Let Lj (1 < i < m) be the 
leaf-cliques of G, and let Ri be the root of Lj. On the contrary, we may assume 
that \Li\ > 2. Let 01,02 G Li with Oi 7 ^ 02 , 03 G i?i, 04 G R 2 and 05 G L 2 . Then 
G[{oi, 02 , 03 , 04 , 05 }] = Z 2 , giving a contradiction. Hence G is a pointed generalized 
comb. □ 

In the following lemmas fLemmas l2.2H2.8]) . we follow the labels given in Figures [3] 
andm 

Lemma 2.2 Let G be a connected Z 2 , N}-free graph which contains an in¬ 

duced subgraph H = Hi{{Gs 3 , Gg^, Gg^}), where Gg^, Gg^ and Gg^ are vertex-disjoint 
cliques. Then for each vertex a G V{G) — V{H) with Ncia) O V{H) 7 ^ 0, one of the 
following holds: 

(i) G[V{H) U {o}] G F£i, 

(ii) for some i G {1,2}, Nc{a) 0 V{H) = {sj} U G^g and IG^g.J = 1 {and so 
G[V{H) U {o}] G F{ 2 ) , 









(iii) for some i G {3,4}, Nda) nV(H) = {si,S 2 }UC's. and \Ca■J_^\ = jCsgl = 1 (and 
so G[V{H){J{a}] G :K3), or 

(iv) NG{a)r]V{H) = {si,S2}UC',3UC,4 and\Cs,\ = 1 (and so G[V{H){J{a}] G 

Proof. For each i G {3,4, 5}, we take a vertex hi as follows: If Ncia) fl Gsi 7 ^ 0, let 
hi G Ncia) n Cs,; otherwise (i.e., Nda) n C*, = 0), let hi G C*,. 

Case 1: Nda) fl Gg^ 7 ^ 0. 

If asi,as 2 G E(G), then (^[{a, Si, 52 , ^ 5 }] — -^1,3, giving a contradiction. Thns 
asi ^ E(G) or as 2 ^ E(G). We may assnme that asi ^ E(G). 

If Ncia) n Csg 7 ^ 0 and ah ^ E(G) for some h G then ^[{63, a, h, Si}] = /Fi^3; 
if Noia) n ( 7^4 0 and ah ^ E(G) for some h G C^g, then as 2 G F'(G) because 

G[{h 4 , a,h, S 2 }] ^ .^ 1 , 3 , and hence G[{a, S 2 , 64 , 6 , Si}] = Z 2 . In either case, we get a 
contradiction. This implies that either Gs^LlGg^ E NG(a) or 77 ( 3 ( 0 )n(Csg UCs^) = 0. 

Subcase 1.1: C^g U ( 7^4 C Nda). 

If ah ^ E(G) for some h G C^g, then ^[{ 63 , a, Si, b}] = i7i 3 , giving a contradiction. 
Thus ( 7^5 C Ncia). If as 2 G E(G), let G(. = Cg. (i G {3, 5}) and G(^ = Gg^ U {a}; if 
052 ^ E{G), let ( 7 ', = Gg^ (i G {3,4}) and G(^ = Gg, U {o}. Then G[V{H) U {o}] = 
//i({C;,C';,C'J)G7f4. 

Subcase 1.2: Nda) fl (C^g U Gg^) = 0. 

Since G[{a, Si, S 2 , ^ 5 , ^ 3 , ^ 4 }] ^ N, we have 0 S 2 £ E(G). If ah ^ E(G) for some 
b G Cgg, then G[{ 6 , 63 , 64 , S 2 , o}] = Z 2 , giving a contradiction. Thus C^g C Ncia), 
and hence Ncia) fl V(H) = { 52 } U C^g. If jCggl > 2 , then ^[{63, &, 64 , S 2 , a}] — ^2 
where b G Gg^ — {^ 3 }, giving a contradiction. Thus |(7sg| = 1. 

Case 2: Nda) n C.g = 0 (i.e., 065 ^ F7(G)). 

Claim 2.1 For each i G { 3 , 4 }, if Nda) fl ( 7 ^. 7^ 0 , then NG(a) 3 {si, S2} U ( 7 ^.. 

Proof. We may assume i = 3. Since ^[{ 63 , o, 65 , si}] ^ we have osi G 

E(G). By the same argument, if Ncia) n Gg^ 7 ^ 0, then as 2 G E(G). Since 
G[{a, Si, 63, 64 , S 2 }] ^ Z 2 , we have 0 S 2 G F'(G) or ab^ G E(G). In either case, 
we have as 2 G E(G). If ah ^ E(G) for some b G Gg^, then ^[{ 65 , 6 , 63 , o, S 2 }] = Z 2 , 
giving a contradiction. Thus Gg^ C NG(a). □ 

Suppose Ncia) fl (C^g U Ggf) = 0. Since Nda) fl V(H) 7 ^ 0, we have os* G if (G) 
for some i G { 1 , 2 }. Hence ^[{65, 65-*, fej+2, Si, a}] — Z2, giving a contradiction. Thus 
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Ncia) n {Cs3 U Cs^) 7^ 0. We may assume that Nda) fl Cg^ ^ 0. This together with 
Claim [2TT] forces {51,52)^1(7^3 C Nda). If |(7sg| > 2, then (7[{65, 6, 63, a, 52}] = Z 2 
where b e Cg^ — {^5}, giving a contradiction. Thus |( 7 sg| = 1 . 

If NG{a)r\Cg^ ^ 0 , then Cg^ C Ncia) by Claim 1271 and hence (iv) holds. Thus we 
may assume that Nda) DCg^ = 0 (i.e., Nda) r\V{H) = {si, 52} U (C^g). If |(734| > 2, 
then G[{bi,b, S2, a, Si}] = Z2 in (7 where b G Cg^ — {b4}, giving a contradiction. 
Hence |(7s4| = 1 , and so (iii) holds. □ 

Lemma 2.3 Let G be a connected {Ki ^, Z2, N}-free graph which contains an in¬ 
duced subgraph H = H2{{Gt^,Gt4^}), where Ct^ and Gt^ are vertex-disjoint cliques. 
Then for each vertex a E V(G) — V(H) with Nda) fl V(H) ^ 0, one of the following 
holds: 

(i) G[V{H) U {a}] G df2, 

(ii) for some i G {3,4}, Ncia) fl V{H) = {ti,tj+2} U (7t. and = 1 (and so 

G[V{H) U {a}] G Tfsj, or 

(iii) Ncia) nV{H) = {H, t2, ^5, ^e) and jCigl = \CtJ = 1 (and so G[V{H) U {a}] G 
die). 

Proof. For each i G { 3 , 4 ), let h G ( 7 t.. For each i G { 5 , 6), we note that the graph 
Bi := H — ti belongs to TCi. 

Case 1 : iVG(a) n (^3 U GJ = 0 . 

Since NG{a)r\V{H) 7 ^ 0, NG{a)r\V{Bi) 7 ^ 0 for some i G {5,6}. We may assume 
that Ncia) fl V{Bf) ^ 0. Since Nda) fl U Ct^) = 0, we have Ncia) fl V{Bf} = 
{ti,t2,t6} and \Gtf\ = 1 by Lemma [221 In particular, Ncia) HV^Bq) 7 ^ 0. Then 
again by Lemma 1221 Ncia) fl V{Bq) = {ti,t2,t5} and \Gt^\ = 1 . This implies that 
Nci^a) P\V{H) = {ti,t2,h,h] and \Gt^\ = \Gtf\ = 1 , as desired. 

Case 2 : Ng^o) P {Gt,U Gt,) ^ 

We may assume that NG^a) fl Ct^ ^ 0 . If NG^a) fl V (H 5 ) = {t^} U Ct^ , then either 
^G(n) Fl V {Bq) = Ct^ or Ng^o) fl V{Bq) = {ts} U Ct^, which contradicts Lemma 221 
Thus, by Lemma 221 we have either G[V{B^) U {a}] G TCi, or NG{a) fl I 7 (i? 5 ) = 
{ti} U (7*3 and |( 7 tJ = 1 . 

Subcase 2 . 1 : GlV^B^) U {a}] G TCi. 

We see that {^2} U Gt^ U Gt^ C NG^a). Since (7[{a, ^2, ^4, te, ^5}] ^ Z2, we have 
at^ G E{G) or at^ G E{G). We may assume that at^ G E{G). If ati G E{G), then 
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(^[{a, ti, 64, ^s}] — -^1,3) giving a contradiction. Thus ati ^ E{G). So, atg ^ E{G) 
because G[{t5, a, ^2, ti}] ^ Z2. Hence we get A^g(o) l~l V{H) = {^2, ts} U Qg U Gt^. 
Consequently, U{a}] = iJ2({C'jg, C^^}) where C'g = CsgUla} and = Cs^, 

as desired. 

Subcase 2.2: Nda) fl V{B^) = {ti} U Ct^ and \Ct^ \ = 1 . 

Since (^[{63, a, ^2, 4 }] ^ -^i,3) we have at^ G E{G). Hence Nda) nV{H) = 
{ti,t5} U Ctg and |CiJ = 1 . □ 

Lemma 2.4 Let G be a connected {Ki^^, Z2, N}-free graph which contains an in¬ 
duced subgraph El = i^3({C'„g}), where Cu^ is a clique. Then for each vertex 
a e V{G) — V{H) with Nda) fl V{H) ^ 0 , one of the following holds: 

(i) G[V{H) U {a}] e :K3, 

(ii) Ncia) n V{H) = {ui,Ui,u-r-i} for some i G { 2 , 3 } and \Guf,\ = 1 (and so 
G[V{H) U {a}] G die), or 

(hi) Ncia) n V(H) = {^4, u^} (and so G\y{H) U {a}] G IK5}. 

Proof. For each i G { 2 , 3 }, we note that the graph Bi := H — Ui belongs to TCi. Since 
Ncia) n V(H) 7^ 0 , Ncia) fl V(Bi) ^ 0 for some i G { 2 , 3 }. If au4, au^ ^ E{G), then 
Nc{a) n V{Bi) C \ui, Uu^_f\ U for each i G { 2 , 3 }, which contradicts Lemma [221 
Thus, au4 G E{G) or au^ G E{G). We may assume that au^ G E{G). Then by 
Lemma lT 2 l we have either G\y{B^) U {a}] G TCi, or Ncia) fl V{Bf} = {tti,M4} and 
IC^gl = 1, or Nc{a) HViB^) = {u 4 ,U 5 }. 

Case 1: G[V{Bs) U {a}] G FCi. 

In this case, we have {u2,U4} U C^g C A^(j(a). Then again by Lemma 1221 we 
have either G[V{B2) U {a}] G TCi or Nda) fl V{B2) = {Mi,ri4} U Cu^, or Ncia) fl 
1/(52) = {rii,M3,ti4}UC'„g. If A^G(a) n 1/(^2) = {tii,M4}UC'„g (i.e., NG{a)nV{H) = 
{Mi,ri2,tt4}UC„g), then G[{ti2, a, Wi, %, Mg}] = Z2; if A^G(a)nH(52) = {«!,%, M4}U 
C^g (i.e., Naia) nV{H) = (mi, ti2, M3, ^4} U C^g), then G[{m 2, ^4, a, M3, Mg}] = Z2. 
In either case, we get a contradiction. Thus G\y{B2) U {a}] G IKi. Since au^ G 
E{G), we see that Ncia) fl V{B2) = {M3,M4,Mg} U C^g, and hence Ncia) fl V{H) = 
{M2,M3,M4,Mg} U C^g. Consequently, G[V{H)U{a}] = H:i{{G(J) where G(^ = 
Cu, U {a}. 

Case 2: Ncia) fl V^B^) = {mi,M 4} and IC^gl = 1 . 
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Since au2 ^ E{G) and ?/ 2 , %, a}] ^ -^"1,3, we have au^, G E{G). Hence 

Na{a) r\V{H) = {ui.u^.Ui} and \Cue\ = 1- 

Case 3 : NG{a) n V(B^) = {^4, u^}. 

Since G[{w3, mi, 6 , a}] ^ for any b G C^g, we have au^ ^ E{G). Hence 
NG{a)nV{H) = {u4,U5}. □ 

Lemma 2.5 Let G be a connected Z2, N}-free graph which contains an in¬ 

duced subgraph H = i/4({C'^4, C^g, C^g}), where Gy^, Gy^ and Cy^ are vertex-disjoint 
cliques. Then for each vertex a G V{G) — V{H) with NG{a) r\V{H) ^ 0, G\y{H) U 
{o}] G TC 4 . 

Proof. For each i G { 4 , 5 , 6 }, let 5 * G Cy^. For each i G { 5 , 6 }, we note that the 
graph Bi := H — Gy^ belongs to TCi. 

Suppose NG^a) fl {vi,V2,v^} = 0. Since Ng{o) fl V{H) ^ 0, we may assume 
that 064 G E{G). Then G[{b 4 , a, Vi,V2}] = Ki ^, giving a contradiction. Thus, 
NG^a) n {vi,V 2 ,V 3 } 7 ^ 0. We may assume that avi G E{G). Then, by Lemma [221 
we have G\y{B^) U {a}] G FCi or NG{a) fl V{Bf) = {ui,Uj} for some i G {2,3}. 

Suppose that Ng{o) fl V{B^) = {ui,Uj} for some i G { 2 , 3 }. In this case, we 
may assume that NG^a) fl V{B^) = {ui,U2}- Then by Lemma IT? 2 [ NG^a) fl V{Bf) = 
{ui,U2}- In particular, iVG(a) r\V{H) = {ui,U2}- Then ^[{65, U3, fee, «}] — -^2, 
giving a contradiction. Thus G\y{H) U {a}] G TCi. 

Hence we have iVG(a)nH(i?5) = {ui}UC'„4UC'„g or iVG(a)nH(i?5) = {ui, Uj}UC^4U 
C„g for some z G { 2 , 3 }. If A^G(n)FlH(H5) = {ui}UC'„4UC'„g, then 065 G £'(G) because 
G[{a, ui, 60, 65, U2}] ^ Z2, and hence ^[{65, a, U2, ^3}] = i^i,3, giving a contradiction. 
Thus Ng^o) n V{B^) = {vi,Vi} U Cy^ U C^g for some i G { 2 , 3 }. We may assume 
that NG{a) fl V(B5) = {^1,^2} U Cy^ U Gy^. Since {ui, U2} U Cy^ C NG(a) fl V(Bq) C 
{^1,^2} U Cy^ U Cy^, we have Gy^ C NG^a) by Lemma 221 In particular, A^G(n) Fl 
V{H) = {ui, U2} U Gy, U Gy, U C^g. Therefore G[V{H) U {a}] = H^HG',,, C'„ C'J) 
where = Cg, U {a} and C', = Gg. (i G { 5 , 6}). □ 

Lemma 2.6 Let G be a connected Z2, N}-free graph which contains an in¬ 

duced subgraph H = H^{{Cy}.j}), where Gyj^. is a clique. Then for each vertex 
a G V{G) — V{H) with NG{a) fl V{L[) 7 ^ 0, one of the following holds: 

(i) G[V{H) U {a}] G Ffs, or 
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(ii) Nc{a) n V{H) = {wi,W2,Wi,Wg_i} for some i G {3,4} and \Cyj^\ = 1 {and so 
G[V{H)U{a}]^H,). 

Proof. For each i G {1,2}, we note that the graph Bi ;= H — Wi belongs to IK 3 . 
Since Nc{a) fl V{H) ^ 0, Nda) fl V{Bi) ^ 0 for some i G {1,2}. We may assume 
that Ncia) r\V{Bi) ^ 0. If Na{a) r\V{Bi) = {ws, w^}, then either Ncia) fl V {B 2 ) = 
{t(; 3 ,t(; 5 } or Ncia) r]V{B 2 ) = {tci, tC 3 , tcs}, which contradicts Lemma 12^ This, 
together with Lemma [TH implies that either G[V{Bi) U {a}] G TC 3 or A^G(a) Fl 
V{Bi) = {w 2 ,Wi,Wg_i} for some i G {3,4} and \Gun\ = 1- 

Case 1 : G[V{Bf) U {a}] G FC 3 . 

Note that we have either Nc{a) fl V{B2) = {rcs, tC4, tcs, tce} U G^r or Nc{a) fl 
V{B 2 ) = {wi,W 3 , W 4 , W 5 , wq}UGw.^. This, together with Lemma ITTI leads to NG{a)n 
V{H) = U G^.j. Hence, G\y{H) U {a}] = H^{{G'^^}) G IK 5 where 

CL, = C., U {a}. 

Case 2: Ncia) n V{Bi) = {w2,Wi,wg-i} for some i G {3,4} and \Gw,\ = 1- 

We may assume that Ncia) fl V{Bi) = {w 2 ,W 3 ,wg}. Then Ncia) fl V{B 2 ) = 
{w 3 ,Wq} or Ncia) nV{B 2 ) = {wi,W 3 ,Wq}. This, together with Lemma [2^ leads to 
A^g(«) n l/(iL) = {'i(;i,M;2,tC3,'«^6}- □ 

Lemma 2.7 Let G be a connected Z2, N}-free graph which contains an in¬ 

duced subgraph H = Hq. Then for each vertex a G V{G) — V{H) with Ncia) fl 
V{H) 7 ^ 0, Ncia) n V{H) = {xj,Xj+i,X 7 } for some i G {1,3}. Consequently, 
G[V{H) U {a}] ^ H7. 

Proof. We note that the graph B := Pf — Xi belongs to TC^, and the graph B* := 
H — X 5 belongs to C 1 C 2 . 

We hrst suppose that axj, aXj +2 G E{G) for some i G {1,2}. We may assume that 
axi,ax 3 G E{G). Then by Lemma 12731 we have Ng{o) fl V{B*) = {xi, X 3 , xe, X 7 }, 
and hence either Ng{o) fl V{B) = {x 3 ,X 6 ,X 7 } or Ng{o) fl V{B) = {X 3 , X 5 , Xg, X 7 }, 
which contradicts Lemma [2.41 Thus, 

for each i G {1, 2}, either ax* ^ E{G) or aXj +2 ^ E{G). (2.1) 

If Ncia) n V{B*) 7 ^ 0, then |iVG(a) fl V{B*)\ > 2 by Lemma [231 In particular, 
we have Ncia) fl V{B) 7 ^ 0. If Ncia) fl {xi, X2, X3, X4} = 0, then Ncia) fl V{B) C 
{x 5 ,X 6 ,X 7 }, which contradicts Lemma 1231 Thus we may assume that axi G E{G). 
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By fl2.ip . ax3 ^ E{G). Since G[{xi^a,X2,x^}] ^ A'1,3, we have ax2 G E{G). So, 
0x4 ^ -E'(G) by fl2.ip . Then, by Lemma ITTl NG{a)nV{B) = {x2,X7}. Conseqnently, 
A^G(a) n i/(iL) = {xi,X2,X7}. □ 


Lemma 2.8 Let G be a connected {Ki ^, Z 2 , N}-free graph which contains an in¬ 
duced subgraph H = Hy- Then for each vertex a G V{G) — V{H) with Nda) fl 
V{H) ^ 0, iVG(a) r\V{H) = {yi,|/ 2 ,|/ 7 ,?/ 8 }- Consequently, G[V{H) U {a}] = Hs- 

Proof. For each i G {1,2}, we note that the graph Bi \= H — yi is isomorphic to H^. 
Since Nda) fl V{H) 7 ^ 0, we have Nda) fl V{Bi) ^ 0 for some i G {1, 2}. We may 
assume that Nda) Pi V{Bi) 7^ 0. Then, by Lemma ITTI Ncia) fl V (i?i) = {2/2, Vs, Vb] 
or NciafnV {Bi) = {1/2, 1 / 7 , 2/8 }• In particular, { 2 / 3 , 1/5} ^ A^G(o)nl/(52) or { 2 / 7 , yg) ^ 
NG{C)r\V{B 2 ). This, together with Lemma 12.71 leads to A^G(o)Fiy(-Bi) = {2/2,2/7,2/81 
and A^g(o) n 1 /( 52 ) = { 2 / 1 , 2 / 7 , 2 / 8 }- So, A^G(a) = { 2 / 1 , 2 / 2 ,2/7, 2 / 8 }- □ 

Proof of Theorem M.li By routine but tedious argument, we can verify that every 
graph in lJo<i<8 ■^ 2 }-free but not 5i i-free (and we omit its detail). Thus 

it suffices to show that, if a connected {JFi 3 , Z 2 }-free graph G is not 5i i-free (i.e., 
G contains 5i_i as an induced subgraph), then G belongs to Uo<i<8^*- 

Assume that G contains 5i^i (g TCi) as an induced subgraph. Then G contains 
a graph H G Uo<i<8 induced subgraph. Choose H so that \V{H)\ is as 

large as possible. It suffices to show that G = H. By way of contradiction, suppose 
that G ^ H (i.e., V{G) — V{H) 7^ 0). Then by Lemma 12.11 G is Wfree. Since G 
is connected, there exists a vertex a G V{G) — V{H) which is adjacent to a vertex 
in 1/(5). By the maximality of Pf, G[V{H) U {a}] ^ Uo<i< 8 ^*- This, together 
with Lemmas I2.2H2.81 gives H = Pfs- For each i G {7, 8, 9}, we note that the graph 
Bi := H—Zi is isomorphic to ^ 7 . Since NG{a)r\V{H) 7^ 0, we have NG{a)r\V{Bi) 7^ 0 
for some i G {7, 8}. We may assume that NG^a) fl V{By) 7^ 0. Then by Lemma [221 
Ng{o.)CV{By) = {zs, 2 : 4 , Zg, Zg}. In particular, azg G E{G). On the other hand, since 
NG{a) n 1 /( 59 ) 7^ 0, iVG(a) O 1 /( 59 ) = {zi, Z 2 , Zj, Zg}, and so azg ^ E(G), giving a 
contradiction. 

This completes the proof of Theorem 11.11 □ 
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2.2 Proof of Theorem 11.41 


In order to prove Theorem 11.41 we give a further dehnition. For two integers s and 
t, we let [s, t] = G N I s < i < t}. Note that ii s > t, then [s, t] = 0. 

Here we prove Theorem II.41 We can easily verify that every graph in T(max{3m, m+ 
4}) is {iFi^ 3 , i?i^m,}-free but not T’max{ 3 m,m+ 4 }-free. Thus it suffices to show that 
if a connected {Ki 3 , i?i „i}-free graph G is not T’max{ 3 m,m+ 4 }-free (i.e., G contains 
-Pmax{ 3 m,m+ 4 } as an iuduccd subgraph), then G belongs to T(max{3m,m + 4}). 

Assume that G contains T’max{ 3 m,m+ 4 } as an induced subgraph. Then G contains 
a graph H G CP(max{3m, m + 4}) as an induced subgraph. Choose H so that \V{H)\ 
is as large as possible. It suffices to show that G = H. Otherwise, there exists 
a vertex a G V{G) — V{H) such that Nc{a) fl V{H) 7 ^ 0. Let I be the integer 
so that H is either a fat /-path or a fat /-cycle. Then we can write either H = 
Fp{Li,..., Li) OT H = Fc{Lq, ..., Li) for some vertex-disjoint cliques Lq, ..., Li. Let 
/ = {*|iVG(a)nL,^ 0 }. 

Claim 2.2 |/| < 4. 

Proof. Suppose that there are hve fundamental cliques ,..., of H with 
Ncia) n Lb) 7 ^ 0 (1 < z < 5). For each z (1 < z < 5), let /^b) g Nda) fl Lb). 
Since max{3m, m -|- 4} > 5, if if is a fat cycle, then F[ has at least six fundamental 
cliques. Thus G[{/>b) | 1 < z < 5}] has no cycle, and so is a forest of order hve and 
maximum degree at most two. Then we can easily check that G[{f)b) | 1 < z < 5}] 
has an independent set B with \B\ = 3, and hence ^[{a} U 5] = /Ti_ 3 , giving a 
contradiction. □ 

If 71 is a fat cycle, then Ncia) 0 Lj = 0 for some 0 < z < / by Claim 12.21 By 
relabeling Lq, ... ,Li if necessary, we may assume that 

(LI) 0^1, and 

(L2) subject to (LI), |/fl {1,/}| is as small as possible. 

Thus, if H is a fat cycle and there exists an integer z (1 < z < 1 — 2) with z, z-1-1, z-|-2 ^ 

/, then I n {0,1, /} = 0. 

For each z (1 < z < /), we take a vertex bi as follows: If z G /, let bi G A'g(o) OLj; 
otherwise (i.e., z ^ I), let fej G Lj. Note that, by our choices of indices, bibi ^ E{G) 
regardless of H being a fat path or a fat cycle. 
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Claim 2.3 Assume that there exists an index j {2 < j < 1—2) such that /n[ 2 , /—I] = 
+ !}■ Then either j = 2 and abi G E{G) or j = I — 2 and abi G E{G). 

Proof. Recall that I > max{ 3 m, m + 4 }. We first consider the case l — m — 1 < j < 
m+ 1 . Then I < 2 m+ 2 . Since I > 3 m, we have m < 2 ; since I > m+ 4 , we have m > 2 . 
Hence m = 2 , and this forces I = 6 and j = 3 . By the assnmption of the claim, 
062,065 ^ E{G). Since ^[{62, 63, a, 64, 65, 66}] ^ Bi^2 and ^[{65, 64, a, 63, 62, 61}] ^ 
Bi^2, we have 061,065 G E{G). Then G[{a, 61, 63, 65}] = i^i,3, giving a contradiction. 
Thus either j > m + 2 or j < I — m — 2 . 

We now consider the case j > m + 2 (i.e., j — m > 2). Then abi ^ E{G) for 
every j-m <i < j-1. Since G[{bj+ 2 , bj+i, a, bj, bj_i,bj_rn}] ^ -Bym, this forces 
6 j _|_2 = bi (i.e., j = 1 — 2) and abi £ E{G), as desired. Thus we may assume that 
j < l — m — 2 (i.e., j + m + 1 < / — I). Then abi ^ E{G) for every j + 2 < i < j + m + 1. 
Since G[{bj_i, bj, o, 6 ^+ 1 , 6 ^+ 2 , • • •, bj+rn+i}] ^ Bi^rn, this forces 6 j_i = 61 (i.e., j = 2) 
and abi G E{G), as desired. □ 

Claim 2.4 For each j G I, there exists an index j' [j' 7 ^ j) such that \j — j'\ = 1 
and j' & I■ 

Proof. If 2 < j < / - 1 and j - l,j + 1 ^ I, then G[{bj, a, bj_i, bj+i}] = ^ 1 , 3 , giving 
a contradiction. Hence if 2 < j < / — 1, then the desired conclusion holds. Thus we 
may assume that j G {1, /}• 

For the moment, we assume that j = 1 and 2 ^ /. We further suppose that there 
exists an index i {3 < i < I — 1) with i & L Choose i so that i is as small as possible. 
Then, z + 1 G / since 3 <z</ — 1 . Ifz + 1 </ — 1 and / fl [ 3 , / — 1 ] = {z, z + 1 }, then 
i = I —2 and / G / by Claim [231 This implies that if z + 1 < 1 — 1 (i.e., z < 1 — 2), then 
there are three indices R,Z2,Z3 (3 < zi < Z2 < Z3 < 1 ) with ^,*2,^3 ^ -6, and hence 
G[{o, 61, 6jj, 643}] = Ki^s, giving a contradiction. Thus z > / — 1 , and so z = l — l. Note 
that In [ 1 ,/] = {!,/ — 1 ,/}. This, together with the fact / — m — 1 > 3 , implies that 
G[{6i, o, bi, bi_i,..., bi_m-i}] = Bi^rn, giving a contradiction. Thus / n [ 2 , / — 1 ] = 0 . 
By the choice of Lj, we see that H is a fat path. If there exists a vertex u E Li 
with au ^ E{G), then, since I > m + 4, G[{a, 61, zz, 62, .. . , 6^+2}] — Bi^m, giving 
a contradiction. Thus Li C Ncia). By the symmetry and the fact / — 1 ^ if 
/ G /, then Li C Nda). Hence either Nda) fl V{P[) = Li or Nda) fl V{H) = 
Li U Li. If Ncia) n V{H) = Li, then G[V{H) U {a}] = Fp{{a}, Li,..., Li); if 
Ncia) n V{H) = Li U Li, then G\y{H) U {a}] = Fc({a}, Li ,..., Lf). In either case. 
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G[V{H) U {a}] G CP(max{3m, m + 4}), which contradicts the maximality of H. Thus 
if j = 1, then 2 G /. By the symmetry, if j = /, then / — 1 G /. □ 

Let ii = min{i | i G /} and 12 = max{z | z G /}. By Claim |2^ Zi + 1 ,Z 2 — 1 G /. 

Claim 2.5 If ii 7 ^ 1, then C Ncia). If Z 2 7 ^ I, then Li^_i C Nda). 

Proof. Ifzi 7 ^ landLi^+i ^ iVG(a), say tt G Lij+i-A^G(o), then a, tt}] = 

Ki^ 3 , giving a contradiction. Thus if zi 7 ^ 1, then L*i+i C Ncia). By the symmetry, 
we have L* 2 -i C Nda) if Z 2 7 ^ L □ 

Since |/| < 4, we divide the rest of the proof into three cases according to |/| < 2 , 
|/| = 3, and |/| = 4. 

Case 1: |/| < 2. 

By Claim / = {zi, Z 2 } = {zi, Zi + 1}. If | J fl [2, / — 1] | = 2, then either 1 G / or 
/ G / by Claimand so |/| > 3, giving a contradiction. Thus |/n [2,/ — 1]| < 1, 
which implies either / = {1,2} or / = {/ — 1,/}. We may assume that I = {1,2}. 
By the choice of L*, iL is a fat path. If L 2 ^ Nda), say u E L 2 — Nda), then 
G[{a, 62 , u, 63 , 64 ,..., fem+s}] — Bi,m, giving a contradiction. Thus L 2 C Ncia). This, 
together with Claim 1231 leads to NG{a)r\V{H) = L 1 UL 2 , and hence G\y (iL)U{a}] = 
Fp{Li U {a}, L 2 ,..., Li) G CP(max{3m, m + 4}), which contradicts the maximality of 
H. 

Case 2: |/| = 3. 

In this case, / = {zi,zi + 1 (= Z 2 — 1 ),* 2 } = {iiGi + l,*i + 2}. By the choice 
of Lj, iL is a fat path. Since either zi 7 ^ 1 or Z 2 7 ^ I, Li^+i (= Li^-i) F Ng{0') by 
Claim [231 Suppose that either ^ IV'g(o) or -^12 2 Ffda). We may assume that 
-hii ^ -^ 0 ( 0 ). Let u E Li^ — Ncia). U ii < I — m — 2 (i.e., Zi + m + 2 < /), then 
G[{u, 6 * 1 + 1 , a, 6 * 1 + 2 ,..., 6 *i+m+ 2 }] = if > m + 2 (i.e., zi - m - 1 > 1), then 
G[{a, 6 * 1 , u, 6 * 1 - 1 ,..., 6 *i-m-i}] = Bi^m- In either case, we get a contradiction. Thus 
/ — m — l<zi<m + l. This, together with the assumption I > max{3m, m + 4}, 
leads to m = 2, / = 6 and Zi = 3. Then G[{ 6 i, 62 , zz, 63 , a, 65 }] = B 12 , giving a 
contradiction. Thus L*! U L*^ C Ncia) (i.e., Ncia) fl V{H) = Li^ U L*i+i U Li^). 
Hence G[V{H) U {a}] = Fp{Li, ..., L*i, Lii+i U {a}, L*^,..., Li), which contradicts 
the maximality of H. 

Case 3: |/| = 4. 

In this case, Zi + 1 < Z 2 — 1 and / = {zi,zi + 1 ,Z 2 — 1 ,Z 2 }- Let Ji = [l,Zi — 1], 
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J 2 = [*i + 2 ,i 2 — 2] and J 3 = [12 + 1, /] (where Jj may be empty). If | Ji| > m, then 
and hence G[{bi^, .. ., 6 * 1 -™}] = if \ J 2 \ > m, then 

zi + m + 1 < ^2 - 2 , and hence G[{bi^,a,bi^,bij^+i,.. .,bi^+rn+i}] = if l^al > m, 

then 12 + m < I, and hence G[{bi^,a,bi^_i,bi^,hi 2 +i,... , 6 * 2 +™}] — In either 

case, we get a contradiction. Thus max{| Ji|, |^ 2 !, l-^sl} < nr — 1. On the other hand, 
I'^il + |'^ 2 | + l-^sl = I [1, — {*iOi + I 02 — 102 }! = ^ — 4 > max{3m — 4, m}. Hence 

we see that m > 2 and |Jj| = |Jj/| = m — 1 for some i,i' G {1,2,3} with i 7 ^ i'. 
Without loss of generality, we may assume that | Ji| = m — 1 (i.e., H = nr). If 
IJ 2 I = m - 1 , then ^[{ 6 * 2 - 2 , ^* 2 , • • •, ^ 1 }] - -Bi,™; if = nr - 1 , 

then G[{ 6 j 2 +i, &i 2 , ^* 2 - 1 , n-, • • •, ^ 1 }] — -Bi,m- In either case, we again get a 

contradiction. 

This completes the proof of Theorem 11.41 
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Appendix 

Let (7 be a graph. A sequence {C; v; Qi ,..., Qm] Xi,..., Xm) is a fan-cycle system of 

G if 

(1) (7 is a cycle of (7, 

(2) Qi,..., Qm are vertex disjoint paths of order at least two on C, 

(3) v,xi,... ,Xm are distinct vertices with V{G) — V{G) = {v, xi,... ,Xm}, 

(4) |R(C)-U l<2<m m)i+^>3, 

(5) V is adjacent to every vertex in {V {G) — lJi<i<m ^ iQi)) ^ • • •, Xm}, and 

(6) for i (1 < i < m), x, is adjacent to every vertex of Qi 

(see Figure ED . In [1] , the following lemma was proved in order to construct a 



spanning Halin subgraph. 

Lemma 2.9 (Chen, Han, O, Shan and Tsuchiya [ 4 ]) If a graph G has a fan- 
cycle system, then G has a spanning Hahn subgraph. 
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Now we show that all 3 -connected graphs in lJo<i<8 (dehned in Subsection 1 1.2p 
have a spanning Halin subgraph. 

Lemma 2.10 For G G lJo<i<8 ^ 3-connected, then G has a spanning Hahn 
subgraph. 

Proof. Since all graphs in lJiG{2 3 5 6}^* 3 -connected, G G CKj for some 

i G { 0 , 1 , 4 , 7 , 8}. By Lemma [231 it suffices to show that G has a fan-cycle system. 

Case 1: G G “Kq. 

Let Li,..., Ljn be the leaf-cliques of G, and let Ri be the root of Lj. For each 
n^), let Vi G Ri. Since G is 3-connected, \Ri — {r’i}] > 2 for all i, 
and hence G — {vi | 1 < * < m} has a Hamiltonian cycle G containing m — 1 
vertex disjoint paths Q 2 ,..., Qm with V(Qi) = Lj U (Ri — {r’i}) (2 < i < m). Then 
(G; vp Q 2 , • • •, Qm] V 2 , ■ ■ ■, Vm) is a fan-cycle system of G. 

Case 2: G G TCi. 

Write G = i7i({Gs3, Gs4, G^g}). For each i G { 3 , 4 }, let Oi G G^.. Since G is 
3 -connected, [G^. | > 3 for i G { 3 , 4 }, and hence G — {03, 04} has a Hamiltonian cycle 
G containing a path Q with V(Q) = (G^^ — {04}) U {S2}. Then (G-,a^-,Q]af) is a 
fan-cycle system of G. 

Case 3: G G TC4. 

Write G = i7i({G.i,4, G^g, G^g}). Since G is 3 -connected, |G^. U G^f > 3 for 
i,j G { 4 , 5 , 6 } with i 7^ j. By symmetry, we may assume that [G^^l > 2 and 
|G„g| > 2 . For each i G { 4 , 5 }, let a* G G„.. Then G — {04,05} has a Hamiltonian 
cycle G containing a path Q with V(Q) = (G^g — {05}) U {^3}, and hence G has a 
fan-cycle system (G; 04; Q; 05). 

Case 4 : G G TC7. 

Let G = |/2?/4l/72/8l/6 be a cycle of G, and Qi = y^yj and Q2 = ysye be paths on 
G. Then (G; yp, Qi, Q 2 ] ys, yQ is a fan-cycle system of G. 

Case 5 : G G TCg. 

Let G = Z2Z4Z-jZqZsZq be a cycle of G, and Qi = Z4Z'^ and Q2 = ZsZq be paths on 
G. Then (G; zi,Qi,Q 2 ] zs, zQ is a fan-cycle system of G. 

This completes the proof of Lemma 12.101 □ 

Lemma 2.11 For G G T( 5 ), if G is 3-connected, then G has a spanning Hahn 
subgraph. 
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Proof. We first suppose that G is a fat path, and write G = Fp{Li,... ,Li). For 
each i (2 < i < / — 1), let Oj G Lj. Since G is 3-connected, |Lj — {aj}| > 2 for z (2 < 
i < l — l), and hence G—{a 2 , ■ ■ ■, a/_i} has a Hamiltonian cycle G such that G[Li\ has 
exactly two components for every z (2 < z < / — 1). We take the spanning tree T of G 
such that iVr(a 2 ) = Li U (La - { 02 }) U { 03 }, iVr(az_i) = L, U (L,_i - {az_i}) U 
and Nxioi) = {Li — {oj}) U {ai_i,aj+i} (3 < z < / — 2). Then T has no vertices 
of degree 2 and V{G) — {oa,..., ai-i\ is the set of leaves of T. Hence T U G is a 
spanning Halin subgraph of G. 

We next suppose that G is a fat cycle, and write G = -Fc(Lo, ■ ■ ■ ,Li). Since G is 
3-connected, G has at most two fundamental cliques of order one. Furthermore, if G 
has exactly two fundamental cliques of order one, then such cliques are consecutive. 
By symmetry, we may assume that |Lj| > 2 for every z (1 < z < / — 1). For each 
* (1 < f ^ — 1), let tti E Li. Then G — {ai,.. .,az_i} has a Hamiltonian cycle 
G such that G[Lj] has exactly one component for every z (0 < z < /). We take 
a spanning tree T of G such that A^t(oi) = Lq U (Li — {ai}) U {oa}, NT{ai_i) = 
Li U (L/_i - U {a^-a} and iVr(ai) = (L* - {a*}) U {ai_i, Oi+i} (2 < z < / - 2). 

Then T has no vertices of degree 2 and V{G) — {oi,..., ai-i\ is the set of leaves of 
T. Hence L U G is a spanning Hahn subgraph of G. □ 

Theorems 11.11 lEl and Lemma 12.101 lead to Theorem 11.51 Theorems 11.2111.51 and 
Lemma 12.111 lead to Theorem 11.61 
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